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The valence band of a variety of few-layer, two-dimensional materials consist of a ring of states in
the Brillouin zone. The energy-momentum relation has the form of a “Mexican hat” or a Rashba
dispersion. The two-dimensional density of states is singular at or near the band edge, and the
band-edge density of modes turns on nearly abruptly as a step function. The large band-edge den-
sity of modes enhances the Seebeck coefficient, the power factor, and the thermoelectric figure of
merit ZT. Electronic and thermoelectric properties are determined from ab initio calculations for
few-layer III–VI materials GaS, GaSe, InS, InSe, for Bi2Se3, for monolayer Bi, and for bilayer gra-
phene as a function of vertical field. The effect of interlayer coupling on these properties in few-
layer III–VI materials and Bi2Se3 is described. Analytical models provide insight into the layer
dependent trends that are relatively consistent for all of these few-layer materials. Vertically biased
bilayer graphene could serve as an experimental test-bed for measuring these effects. VC 2015
AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4928559]
I. INTRODUCTION
The electronic bandstructure of many two-dimensional
(2D), van der Waals (vdW) materials qualitatively change as
the thickness is reduced down to a few monolayers. One well
known example is the indirect to direct gap transition that
occurs at monolayer thicknesses of the Mo and W transition
metal dichalcogenides (TMDCs).1 Another qualitative change
that occurs in a number of 2D materials is the inversion of the
parabolic dispersion at a band extremum into a “Mexican hat”
dispersion.2–4 Mexican hat dispersions are also referred to as a
Lifshitz transition,3,5,6 an electronic topological transition,7 or
a camel-back dispersion.8,9 In a Mexican hat dispersion, the
Fermi surface near the band-edge is approximately a ring in k-
space, and the radius of the ring can be large, on the order of
half of the Brillouin zone. The large degeneracy coincides
with a singularity in the two-dimensional (2D) density of
states close to the band edge. A similar feature occurs in
monolayer Bi due to the Rashba splitting of the valence
band.10 This also results in a valence band edge that is a ring
in k-space although the diameter of the ring is generally
smaller than that of the Mexican hat dispersion.
Mexican hat dispersions are relatively common in few-
layer two-dimensional materials. Ab-initio studies have
found Mexican hat dispersions in the valence band of many
few-layer III–VI materials such as GaSe, GaS, InSe, and
InS.3,4,11–14 Experimental studies have demonstrated synthe-
sis of monolayers and or few layers of GaS, GaSe, and InSe
thin films.11,15–20 Monolayers of Bi2Te3
21 and Bi2Se3
22 also
exhibit a Mexican hat dispersion in the valence band. The
conduction and valence bands of bilayer graphene distort
into Mexican hat dispersions when a vertical field is applied
across AB-stacked bilayer graphene.2,6,23 The large density
of states of the Mexican hat dispersion can lead to instabil-
ities near the Fermi level, and two different ab initio studies
have recently predicted Fermi-level controlled magnetism in
monolayers GaSe and GaS.13,14 The singularity in the den-
sity of states and the large number of conducting modes at
the band edge can enhance the Seebeck coefficient, power
factor, and the thermoelectric figure of merit ZT.24–26
The thermoelectric figure of merit of a material is the
dimensionless quantity ZT. The traditional approaches to max-
imize ZT are to reduce the lattice thermal conductivity27–29 or
increase the power factor (PF)30,31 by enhancing the electronic
density of states. Prior studies have achieved this enhancement
in the density of states by using nanowires,32,33 nanopar-
ticles,31 doping levels,25,26,30 high band degeneracy,34–36 and
using the Kondo resonance associated with the presence of
localized d and f orbitals.37–39 The non-parabolic band distor-
tions that occur in low-dimensional, 2D materials also give
rise to enhanced density of states near band edges. An early an-
alytical study found a factor of 5 enhancement in the thermo-
power resulting from a Lifshitz transition.40 Analytical studies
found that the thermopower in a two-dimensional electron gas
and in monolayer graphene can be enhanced due to the pres-
ence of Rashba interaction.41,42 Ab-initio calculations have
been used to connect the complex Fermi-surfaces of bulk
materials with their favorable thermoelectric properties. For
example, in bulk NaxCoO2 and electron-doped FeAs2, the
“pudding-mold” shaped Fermi surface of the valence band and
conduction band, respectively, of each material leads to large
enhancements in the thermopower.43–46 The enhanced thermo-
power in PbTe, PbSe, PbS, and SnTe was explained by their
complex “pipe” shaped Fermi-surfaces.47 Bulk Bi2Se3, Bi2Te3,
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and Bi2Te2Se exhibit non-parabolic features in their valence
band due to the band-inversion associated with their topologi-
cal insulating properties.48,49 The non-parabolic features in the
valence band of these materials explained the favorable ther-
moelectric properties exhibited by this class of materials. The
large increase in ZT predicted for monolayer Bi2Te3 resulted
from the formation of a Mexican hat bandstructure and its
large band-edge degeneracy.21,50,51
Motivated by the aforementioned studies, this work theo-
retically investigates the electronic and thermoelectric proper-
ties of a variety of van der Waals materials that exhibit a
Mexican hat dispersion or Rashba dispersion. The Mexican
hat and Rashba dispersions are first analyzed using an analyti-
cal model. Then, density functional theory is used to calculate
the electronic and thermoelectric properties of bulk and one to
four monolayers of GaX, InX (X¼Se, S), Bi2Se3, monolayer
Bi(111), and bilayer graphene as a function of vertical electric
field. Figure 1 illustrates the investigated structures that have
either a Mexican hat or Rashba dispersion. The analytical
model combined with the numerically calculated orbital com-
positions of the conduction and valence bands explain the
layer dependent trends that are relatively consistent for all of
the few-layer materials. While numerical values are estimated
for various thermoelectric metrics, the goal of this work is to
understand the layer-dependent bandstructure trends and their
effect on the electronic and thermoelectric properties. The
metrics are provided in such a way that new estimates can be
readily obtained given new values for the electrical or thermal
conductivity.
II. MODELS AND METHODS
A. Landauer thermoelectric parameters
In the linear response regime, the electronic and thermo-
electric parameters are calculated within a Landauer formal-
ism. The basic equations and their equivalence to standard
equations resulting from the Boltzmann transport equation
have been described previously,52,53 and we list them below
for convenience. The equations for the electronic conductiv-
ity (r), the electronic thermal conductivity (je), and the
Seebeck coefficient (S) are
r ¼ ð2q2=hÞI0 ðX1m2DÞ; (1)
je ¼ ð2Tk2B=hÞðI2  I21=I0Þ ðWm2DK1Þ; (2)
S ¼  kB=qð Þ I1
I0
V=Kð Þ; (3)
with
Ij ¼ L
ð1
1
E  EF
kBT
 j
T Eð Þ  @f
@E
 
dE; (4)
where L is the device length, D is the dimensionality (1, 2,
or 3), q is the magnitude of the electron charge, h is Planck’s
constant, kB is Boltzmann’s constant, and f is the Fermi-Dirac
factor. In the diffusive limit, the transmission function T is
TðEÞ ¼ MðEÞkðEÞ=L; (5)
where M(E) as the density of modes, and kðEÞ is the electron
mean free path. The power factor (PF) and the thermoelec-
tric figure of merit (ZT) are given by PF ¼ S2r and
ZT ¼ S2rT=ðjl þ jeÞ; (6)
where jl is the lattice thermal conductivity.
B. Analytical models
As the thicknesses of the layered materials are reduced
to a few monolayers, the valence band dispersion transitions
from parabolic to Mexican hat. In this section, we consider
analytical models to understand the effect of this band inver-
sion on the electronic and thermoelectric properties. The
trends and insight provided by the analytical models provide
a guide to understanding the numerical results that follow.
The single-spin density of modes for transport in the x
direction is52,54
M Eð Þ ¼ 2p
LD
X
k
d E   kð Þð Þ @
@kx
; (7)
where D is the dimensionality, E is the energy, and ðkÞ is the
band dispersion. The sum is over all values of k such
that @@kx > 0, i.e., all momenta with positive velocities. The
dimensions are 1=LD1, so that in 2D, M(E) gives the number
of modes per unit width at energy E. If the dispersion is only
a function of the magnitude of k, then Eq. (7) reduces to
M Eð Þ ¼ ND
2pð ÞD1
X
b
kD1b Eð Þ; (8)
where ND ¼ p for D¼ 3, ND¼ 2 for D¼ 2, and ND¼ 1 for
D¼ 1. kb is the magnitude of k such that E ¼ ðkbÞ, and the
sum is over all bands and all values of kb within a band.
When a band-edge is a ring in k-space with radius k0, the
single-spin 2D density of modes at the band edge is
FIG. 1. Atomic structures of van-der Waals materials with a Mexican hat or
Rashba dispersion: (a) Bilayer III-VI material. The b phase stacking geome-
try is illustrated. (b)Bi2Se3, (c) bilayer graphene, and (d) Bi(111) monolayer.
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M Eedgeð Þ ¼ N k0p ; (9)
where N is either 1 or 2 depending on the type of dispersion,
Rashba or Mexican hat. Thus, the 2D density of modes at the
band edge depends only on the radius of the k-space ring. For
a two dimensional parabolic dispersion, E ¼ h2k2
2m , the radius is
0, and Eq. (8) gives a the single-spin density of modes of55
Mpar Eð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffi
2mE
p
ph
: (10)
In real III–VI materials, there is anisotropy in the Fermi
surfaces, and a 6th order, angular dependent polynomial
expression is provided by Zolyomi et al. that captures the
low-energy anisotropy.3,4 To obtain physical insight with
closed form expressions, we consider a 4th order analytical
form for an isotropic Mexican hat dispersion
 kð Þ ¼ 0  h
2k2
2m
þ 1
40
h2k2
2m
 2
; (11)
where 0 is the height of the hat at k¼ 0, and m is the mag-
nitude of the effective mass at k¼ 0. A similar quartic form
was previously used to analyze the effect of electron-
electron interactions in biased bilayer graphene.2 The func-
tion is plotted in Figure 2(a). The band edge occurs at  ¼ 0,
and, in k-space, in two dimensions (2D), it forms a ring in
the kx  ky plane with a radius of
kMH0 ¼
2
ffiffiffiffiffiffiffiffiffi
m0
p
h
: (12)
For the two-dimensional Mexican hat dispersion of Eq. (11),
the single-spin density of modes is
MMH Eð Þ ¼
kMH0
p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ
ffiffiffiffi
E
0
rs
þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
ffiffiffiffi
E
0
rs0@
1
A 0 E 0ð Þ
kMH0
p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ
ffiffiffiffi
E
0
rs0@
1
A 0  Eð Þ:
8>>>><
>>>>:
(13)
Figure 2(b) shows the density of mode distributions plotted
from Eqs. (10) and (13). At the band edge (E¼ 0), the
single-spin density of modes of the Mexican hat dispersion is
finite
MMH E ¼ 0ð Þ ¼ 2k
MH
0
p
: (14)
The Mexican hat density of modes decreases by a factor offfiffiffi
2
p
as the energy increases from 0 to 0, and then it slowly
increases. The step-function turn-on of the density of modes
is associated with a singularity in the density of states. The
single-spin density of states resulting from the Mexican hat
dispersion is
DMH Eð Þ ¼
m
ph2
ffiffiffiffi
0
E
r
0  E  0ð Þ
m
2ph2
ffiffiffiffi
0
E
r
0 < Eð Þ:
8>><
>>:
(15)
Rashba splitting of the spins also results in a valence
band edge that is a ring in k-space. The Bychkov-Rashba
model with linear and quadratic terms in k gives an analytical
expression for a Rashba-split dispersion56
FIG. 2. (a) Comparison of a Mexican hat dispersion (red) and a Rashba dispersion (green). The band edges are rings in k-space with radius k0 illustrated for the
Mexican hat band by the orange dotted circle. The height of the Mexican hat band at k¼ 0 is 0 ¼ 0:111 eV. The Rashba parameter is 1.0 eV A˚, and the effec-
tive mass for both dispersions is 0.5m0. (b) Density of modes of the Mexican hat dispersion (red) versus parabolic band (blue). The parabolic dispersion also
has an effective mass of 0.5m0. (c) Room temperature Seebeck coefficients (solid lines) and carrier concentrations (broken lines) of the Mexican hat band (red)
and the parabolic band (blue) as a function of Fermi level position, EF. (d) Room temperature ballistic power factor of the Mexican hat band (red) and the para-
bolic band (blue) calculated from Eqs. (1), (3), and (4) with T(E)¼ 1.
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 kð Þ ¼ 0 þ h
2k2
2m
6 aRk; (16)
where the Rashba parameter, aR, is the strength of the
Rashba splitting. In Eq. (16), the bands are shifted up by 0
¼ a2Rm
2h2
so that the band edge occurs at  ¼ 0. The radius of
the band edge in k-space is
kR0 ¼
maR
h2
¼
ffiffiffiffiffiffiffiffiffiffiffiffi
2m0
p
h
: (17)
The energy dispersion of the split bands is illustrated in
Figure 2(a). The density of modes, including both spins,
resulting from the dispersion of Eq. (16) is
M2 spinsR Eð Þ ¼
2kR0
p
0  E  0ð Þ
2kR0
p
ffiffiffiffi
E
0
r
0  Eð Þ:
8>><
>>:
(18)
For 0  E  0, the density of modes is a step function and
the height is determined by aR and the effective mass.
Values for aR vary from 0.07 eV A˚ in InGaAs/InAlAs quan-
tum wells to 0.5 eV A˚ in the Bi(111) monolayer.57 The den-
sity of states including both spins is
DR Eð Þ ¼
m
ph2
ffiffiffiffi
0
E
r
0  E  0ð Þ
m
ph2
0 < Eð Þ:
8>><
>>:
(19)
In general, we find that the diameter of the Rashba k-space
rings are less than the diameter of the Mexican hat k-space
rings, so that the enhancements to the thermoelectric param-
eters are less from Rashba-split bands than from the inverted
Mexican hat bands.
Figure 2(c) compares the Seebeck coefficients and the
electron densities calculated from the Mexican hat dispersion
shown in Fig. 2(a) and a parabolic dispersion. The quantities
are plotted versus Fermi energy with the conduction band
edge at E¼ 0. An electron effective mass of m ¼ 0:5m0
is used for both dispersions, and, for the Mexican hat, 0
¼ 0:111 eV which is the largest value for 0 obtained from
our ab-initio simulations of the III–VI compounds. The tem-
perature is T¼ 300 K. The Seebeck coefficients are calcu-
lated from Eqs. (3)–(5) with T(E)¼ 1. The electron densities
are calculated from the density of state functions given by
two times Eq. (15) for the Mexican hat dispersion and by
m=ph2 for the parabolic dispersion. The electron density of
the Mexican hat dispersion is approximately 6 times larger
than that of the parabolic dispersion at a fixed Fermi energy.
This is a result of the singular density of states at the ban-
dedge of the Mexican hat dispersion. There are two impor-
tant points to take away from this plot. At the same electron
density, the Fermi level of the Mexican hat dispersion is
much lower than that of the parabolic dispersion. As a result,
at the same electron density, the Seebeck coefficient of the
Mexican hat dispersion is much larger than the Seebeck
coefficient of the parabolic dispersion.
Figure 2(d) compares the ballistic power factors calcu-
lated from the Mexican hat dispersion shown in Fig. 2(a) and
the parabolic dispersion, again with m ¼ 0:5m0 for both dis-
persions. The temperature is T¼ 300 K. The ballistic power
factor is calculated from Eqs. (1) and (3)–(5) with T(E)¼ 1.
Eqs. (10) and (13) for the density of modes are used in
Eq. (5). The peak power factor of the Mexican hat dispersion
occurs when EF¼32 meV, i.e., 32 meV below the conduc-
tion band edge. The peak power factor of the parabolic dis-
persion occurs when EF¼9.5 meV. At the peak power
factors, the value of I1 of the Mexican hat dispersion is 3.5
times larger than I1 of the parabolic dispersion, and I0 of the
Mexican hat dispersion is 3.2 times larger than I0 of the para-
bolic dispersion. I0 gives the conductivity, the ratio I1=I0
gives the Seebeck coefficient, and I21=I0 gives the power fac-
tor. Therefore, the inversion of the parabolic band into a
Mexican hat band results in an increase in the Seebeck coef-
ficient and a large increase in the peak power factor. This is
the trend that we consistently observe in the numerical simu-
lations as the bands invert from a parabolic to a Mexican hat
dispersion as the number of layers is reduced.
From the Landauer-B€uttiker perspective of Eq. (5), the
increased conductivity results from the increased number of
modes near the bandedge as shown in Fig. 2(b). From a more
traditional perspective, the increased conductivity results from
an increased density of states resulting in an increased charge
density n. At their peak power factors, the charge density of
the Mexican hat dispersion is 4:9 1012 cm2, and the charge
density of the parabolic dispersion is 1:5  1012 cm2. The
charge density of the Mexican hat dispersion is 3.3 times
larger than the charge density of the parabolic dispersion even
though the Fermi level for the Mexican hat dispersion is
22 meV less than the Fermi level of the parabolic dispersion.
This, in general, will result in a higher conductivity. These
trends are consistently followed by the numerical results. The
above analytical discussion illustrates the basic concepts and
trends concerning the relationship between the Mexican hat
dispersion and the electronic and thermoelectric parameters,
and it motivates and guides the following numerical investiga-
tion of various van der Waals materials exhibiting either
Mexican hat or Rashba dispersions.
C. Computational methods
Ab-initio calculations of the bulk and few-layer struc-
tures (one to four layers) of GaS, GaSe, InS, InSe, Bi2Se3,
Bi(111) surface, and bilayer graphene are carried out using
density functional theory (DFT) with a projector augmented
wave method58 and the Perdew-Burke-Ernzerhof (PBE) type
generalized gradient approximation59,60 as implemented in
the Vienna ab-initio Simulation Package (VASP).61,62 The
vdW interactions in GaS, GaSe, InS, InSe, and Bi2Se3 are
accounted for using a semi-empirical Grimme-D2 correction
to the Kohn-Sham energies when optimizing the bulk struc-
tures of each material.63 All atomic positions were fully opti-
mized until the forces acting on each atom are less than
0.01 eV/A˚. The thickness of each bulk unit cell optimized
with the Grimme-D2 potential is within 1.6% of the bulk
experimental data for each material. For the GaX, InX
075101-4 Wickramaratne, Zahid, and Lake J. Appl. Phys. 118, 075101 (2015)
 [This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to ] IP:
147.8.204.164 On: Tue, 20 Oct 2015 07:22:01
(X¼S,Se), Bi(111) monolayer, and Bi2Se3 structures, a
Monkhorst-Pack scheme is used for the integration of the
Brillouin zone with a k-mesh of 12 12 6 for the bulk
structures and 12 12 1 for the thin-films. The energy cut-
off of the plane wave basis is 300 eV. The electronic band-
structure calculations include spin-orbit coupling (SOC) for
the GaX, InX, Bi(111), and Bi2Se3 compounds. To verify the
results of the PBE band structure calculations of the GaX
and InX compounds, the electronic structures of one to four
monolayers of GaS and InSe are calculated using the Heyd-
Scuseria-Ernzerhof (HSE) functional.64 The HSE calcula-
tions incorporate 25% short-range Hartree-Fock exchange.
The screening parameter l is set to 0.2 A˚1. For the calcula-
tions on bilayer graphene, a 32 32 1 k-point grid is used
for the integration over the Brillouin zone. The energy cutoff
of the plane wave basis is 400 eV. 15 A˚ of vacuum spacing
was added to the slab geometries of all few-layer structures.
The optimized lattice parameters for each of the materials
studied are listed in Table I below. Band structures of the
monolayer and few-layer structures are calculated using the
lattice constants of the optimized bulk structures. The con-
duction and valence band effective masses at C are calcu-
lated for each material by fitting the dispersion to a sixth
order polynomial and then calculating 1m ¼ 1h2 @
2E
@k2 .
The ab-initio calculations of the electronic structure are
used as input for calculating the thermoelectric parameters.
The two quantities required are the density of states and the
density of modes. The density of states is directly provided by
VASP. The density of modes calculations are performed by
integrating over the first Brillouin zone using a converged
k-point grid, 51  51  10 k-points for the bulk structures and
51  51  1 k-points for the III–VI, Bi2Se3 and Bi(111) thin
film structures. A 101 101  1 grid of k-points is required
for the density of mode calculations on bilayer graphene. The
details of the formalism are provided in several prior stud-
ies.36,50,53 The temperature dependent carrier concentrations
for each material and thickness are calculated from the den-
sity-of-states obtained from the ab-initio simulations. To
obtain a converged density-of-states, a minimum k-point grid
of 72 72 36 (72 72 1) is required for the bulk (mono-
layer and few-layer) III–VI and Bi2Se3 structures. For the den-
sity-of-states calculations on bilayer graphene and monolayer
Bi(111), a 36 36 1 grid of k-points is used.
The calculation of the in-plane thermoelectric parameters,
such as conductivity, the power factor, and ZT, requires values
for the electron and hole mean free paths and the lattice ther-
mal conductivity. Electron and hole scattering are included
using an average mean free path, k determined by matching
Eq. (1) to literature conductivity data using an average value
for k in Eq. (5). The definition of the average k is
k ¼
ð
dEM Eð Þk Eð Þ @f
@E
 
ð
dEM Eð Þ @f
@E
  : (20)
It is the average mean free path per mode in the thermal
transport window of a few kBT defined by ð@f=@EÞ. For all
of the few-layer materials, the peak ZT occurs when EF is in
the band gap, below the conduction band edge for n-type ma-
terial or above the valence band edge for p-type material.
Therefore, only the low-energy states within a few kBT of the
band-edges contribute to the transport.
For GaS, GaSe, InS, and InSe, k0¼ 25 nm gives the best
agreement with experimental data.70–73 The room temperature
bulk n-type electrical conductivity of GaS, GaSe, InS, and InSe
was reported to be 0.5X1 m1, 0.4X1 m1, 0.052X1 m1,
and 0.066X1 m1, respectively, at a carrier concentration
of 1016 cm3. Using k0¼ 25 nm for bulk GaS, GaSe, and
InSe, we obtain an electrical conductivity of 0.58X1 m1,
0.42X1 m1, 0.058X1 m1, and 0.071X1 m1, respec-
tively, at the same carrier concentration. For the Bi(111)
monolayer surface, the electrical conductivity at 300 K is
reported to be of 0.011X1 m1 at a carrier concentration of
2.6 1018 cm3.74 An electron and hole mean free path of
4.7 nm gives the best agreement with the electrical conductiv-
ity of bulk Bi. For Bi2Se3, an electron mean free path,
ke¼ 5.2 nm, and a hole mean free path, kp¼ 2.1 nm, give the
best agreement with experimental data on conductivity for
bulk single crystal Bi2Se3.
75 The room temperature bulk n-type
electrical conductivity is reported to be 1.5X1 m1 at a carrier
concentration of 1017 cm3 and the p-type electrical conductiv-
ity at room temperature is 4.8X1 m1 at a carrier concentra-
tion of 1019 cm3 For bilayer graphene, k0¼ 88 nm gives the
best agreement with experimental data on conductivity at room
temperature.76
Values for the lattice thermal conductivity are also taken
from available experimental data. The experimental value of
10 W m1 K1 reported for the in-plane lattice thermal con-
ductivity jl of bulk GaS at room temperature is used for
the gallium chalcogenides.77 The experimental, bulk, in-
plane, lattice thermal conductivities of 7.1 W m1 K1 and
12.0 W m1 K1 measured at room temperature are used
for InS and InSe, respectively.78 For monolayer Bi(111), the
calculated jl from molecular dynamics
79 at 300 K is
3.9 W m1 K1. For Bi2Se3, the measured bulk jl value at
300 K is 2 W m1 K1.75,80 A value of 2000 W m1 K1 is
TABLE I. Calculated and experimental properties of bulk Mexican-hat
materials GaS, GaSe, InS, InSe, Bi2Se3, bilayer graphe(BLG), and Bi(111).
The in-plane and c-axis lattice constants are a0 and c0, respectively. The
thickness of an individual layer is d, and the van-der-Waal distance between
individual monolayers is dvdW. The calculated thickness, d, is the atom-
center to atom-center distance between the top and bottom chalcogen atoms
of a single layer in GaS, GaSe, InS, InSe, Bi2Se3, and atom center to atom
center distance of the top and bottom carbon atoms in bilayer graphene. The
thickness d in monolayer Bi is the height of the buckling distance between
the two Bi atoms. Experimental values when available16,65–69 are included
for comparison.
a0 (A˚) c0 (A˚) d (A˚) dvdW (A˚) a
expt
0 (A˚) c
expt
0 (A˚) d
expt (A˚)
GaS 3.630 15.701 4.666 3.184 3.587 15.492 4.599
GaSe 3.755 15.898 4.870 3.079 3.752 15.950 4.941
InS 3.818 15.942 5.193 2.780 … … …
InSe 4.028 16.907 5.412 3.040 4.000 16.640 5.557
Bi2Se3 4.140 28.732 7.412 3.320 4.143 28.636 …
BLG 2.459 … 3.349 3.349 2.460 … 3.400
Bi(111) 4.34 … 3.049 … 4.54 … …
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used for the room temperature in-plane lattice thermal con-
ductivity of bilayer graphene. This is consistent with a
number of experimental measurements and theoretical pre-
dictions on the lattice thermal conductivity of bilayer gra-
phene.81,82 Prior studies of thermal conductivity in the
layered chalcogenides and few layer graphene have demon-
strated that jl can vary by up to a factor of 2 as the film
thickness decreases from bulk to a monolayer.83–86
Maximum and minimum values for ZT are estimated for
GaS, GaSe, InS, InSe, and Bi2Se3 using the bulk values of jl
and twice the bulk values of jl.
When evaluating ZT in Eq. (6) for the 2D thin film struc-
tures, the bulk lattice thermal conductivity is multiplied by
the film thickness. When tabulating values of the electrical
conductivity and the power factor of the 2D films, the calcu-
lated conductivity from Eq. (1) is divided by the film
thickness.
Much of the experimental data from which the values for
k0 and jl have been determined are from bulk studies, and
clearly these values might change as the materials are thinned
down to a few monolayers. However, there are presently no
experimental values available for few-layer III–VI and
Bi2Se3 materials. Our primary objective is to obtain a qualita-
tive understanding of the effect of bandstructure in these
materials on their thermoelectric properties. To do so, we use
the above values for k0 and jl to estimate ZT for each mate-
rial as a function of thickness. We tabulate these values and
provide the corresponding values for the electron or hole den-
sity, Seebeck coefficient, and conductivity at maximum ZT. It
is clear from Eqs. (3) and (4) that the Seebeck coefficient is
relatively insensitive to the value of the mean free path.
Therefore, if more accurate values for the conductivity or jl
become available, new values for ZT can be estimated from
Eq. (6) using the given Seebeck coefficient and replacing the
electrical and/or thermal conductivity.
III. NUMERICAL RESULTS
A. III-VI compounds GaX and InX (X5S, Se)
The lattice parameters of the optimized bulk GaX and
InX compounds are summarized in Table I. In this study, the
default stacking is the b phase illustrated in Fig. 2(a). The b
phase is isostructural to the AA0 stacking order in the 2H pol-
ytypes of the molybdenum and tungsten dichalcogenides.87
The bandgap of the one to four monolayer structures is indi-
rect for GaS, GaSe, InS, and InSe. Figure 3 illustrates the
PBE band structure for one-layer (1L) through four-layers
(4L), eight-layer (8L), and bulk GaS. The PBE SOC band
gaps and energy transitions for each of the III–VI materials
and film thicknesses are listed in Table II. For GaS, the HSE
SOC values are also listed. The effective masses extracted
from the PBE SOC electronic bandstructure are listed in
Table III.
The conduction band minimum of GaSe, InS, and InSe
is at C for all layer thicknesses, from monolayer to bulk. The
conduction band minimum of monolayer GaS is at M. This
result is consistent with that of Zolyomi et al.3 However, for
all thicknesses greater than a monolayer, the conduction
band of GaS is at C. Results from the PBE functional give
GaS conduction valley separations between M and C that are
on the order of kBT at room temperature, and this leads to
qualitatively incorrect results in the calculation of the elec-
tronic and thermoelectric parameters. For the three other
III–VI compounds, the minimum PBE-SOC spacing between
the conduction C and M valleys is 138 meV in monolayer
GaSe. For InS and InSe, the minimum conduction C-M val-
ley separations also occur for a monolayer, and they are
416 eV and 628 eV, respectively. For monolayer GaS, the
HSE-SOC conduction M valley lies 80 meV below the K
valley and 285 meV below the C valley. At two to four layer
thicknesses, the order is reversed, the conduction band edge
FIG. 3. PBE SOC band structure of
GaS: (a) 1L, (b) 2L, (c) 3L, (d) 4L, (e)
8L, and (f) bulk GaS.
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is at C, and the energy differences between the valleys
increase. For the electronic and thermoelectric properties,
only energies within a few kBT of the band edges are impor-
tant. Therefore, the density of modes of n-type GaS is calcu-
lated from the HSE-SOC bandstructure. For p-type GaS and
all other materials, the densities of modes are calculated
from the PBE-SOC bandstructure.
The orbital composition of the monolayer GaS conduc-
tion C valley contains 63% Ga s orbitals and 21% S pz orbi-
tals. The orbital compositions of the other III-VI conduction
C valleys are similar. As the film thickness increases from a
monolayer to a bilayer, the conduction C valleys in each
layer couple and split by 203 meV as shown in Fig. 3(b).
Thus, as the film thickness increases, the number of low-
energy C states near the conduction band-edge remains the
same, or, saying it another way, the number of low-energy C
states per unit thickness decreases by a factor of two as the
number of layers increases from a monolayer to a bilayer.
This affects the electronic and thermoelectric properties.
The Mexican hat feature of the valence band is present
in all of the 1L-4L GaX and InX structures, and it is most
pronounced for the monolayer structure shown in Fig. 3(a).
For monolayer GaS, the highest valence band at C is com-
posed of 79% sulfur pz orbitals (p
S
z ). The lower 4 valence
bands at C are composed entirely of sulfur px and py orbitals
(pSxy). When multiple layers are brought together, the p
S
z
valence band at C strongly couples and splits with a splitting
of 307 meV in the bilayer. For the 8-layer structure in Fig.
3(e), the manifold of 8 pSz bands touches the manifold of p
S
xy
bands, and the bandstructure is bulklike with discrete kz
momenta. In the bulk shown in Fig. 3(f), the discrete ener-
gies become a continuous dispersion from C to A. At 8 layer
thickness, the large splitting of the pSz valence band removes
the Mexican hat feature, and the valence band edge is para-
bolic as in the bulk. The nature and orbital composition of
the bands of the 4 III–VI compounds are qualitatively the
same.
In the few-layer structures, the Mexican hat feature of
the valence band can be characterized by the height, 0, at C
and the radius of the band-edge ring, k0, as illustrated in
Figure 2(b). The actual ring has a small anisotropy that has
been previously characterized and discussed in detail.3,4,13
For all four III–VI compounds of monolayer and few-layer
thicknesses, the valence band maximum (VBM) of the
inverted Mexican hat lies along C K, and it is slightly
higher in energy compared to the band extremum along
C M. In monolayer GaS, the valence band maximum along
C K is 4.7 meV above the band extremum along C M. In
GaS, as the film thickness increases from one layer to four
layers the energy difference between the two extrema
decreases from 4.7 meV to 0.41 meV. The maximum energy
difference of 6.6 meV between the band extrema of the
Mexican hat occurs in a monolayer of InS. The tabulated val-
ues of k0 in Table IV give the distance from C to the VBM in
the C K direction. Results calculated from PBE and HSE
functionals are given, and results with and without spin-orbit
coupling are listed. The effects of AA0 versus AA stacking
TABLE III. Ab-initio calculations of the hole and electron effective masses at the C valley of the valence band and conduction band, respectively, for each
structure in units of the free electron mass (m0). The conduction band effective masses at Mc are included in parentheses for one to four layers of GaS.
Structure
GaS GaSe InS InSe GaS GaSe InS InSe
Hole effective mass (m0) Electron effective mass (m0)
1L 0.409 0.544 0.602 0.912 0.067 (0.698) 0.053 0.080 0.060
2L 0.600 0.906 0.930 1.874 0.065 (0.699) 0.051 0.075 0.055
3L 0.746 1.439 1.329 6.260 0.064 (0.711) 0.050 0.074 0.053
4L 0.926 2.857 1.550 3.611 0.064 (0.716) 0.049 0.073 0.055
TABLE II. PBE SOC calculations of the bandgap energies and energy tran-
sitions between the valence band edge of the Mexican hat band (Ev) and the
conduction (c) band valleys for 1L to 4L GaS, GaSe, InS, and InSe. The
bandgap at each dimension is highlighted in bold text. The HSE-SOC energy
transitions for GaS are in parentheses.
Structure Transition GaS GaSe InS InSe
1L Ev to Cc 2.563 (3.707) 2.145 2.104 1.618
Ev to Kc 2.769 (3.502) 2.598 2.684 2.551
Ev to Mc 2.549 (3.422) 2.283 2.520 2.246
2L Ev to Cc 2.369 (3.156) 1.894 1.888 1.332
Ev to Kc 2.606 (3.454) 2.389 2.567 2.340
Ev to Mc 2.389 (3.406) 2.065 2.353 2.025
3L Ev to Cc 2.288 (3.089) 1.782 1.789 1.152
Ev to Kc 2.543 (3.408) 2.302 2.496 2.201
Ev to Mc 2.321 (3.352) 1.967 2.273 1.867
4L Ev to Cc 2.228 (3.011) 1.689 1.749 1.086
Ev to Kc 2.496 (3.392) 2.224 2.471 2.085
Ev to Mc 2.267 (3.321) 1.879 2.242 1.785
Bulk Cv to Cc 1.691 (2.705) 0.869 0.949 0.399
Cv to Kc 1.983 (2.582) 1.435 1.734 1.584
Cv to Mc 1.667 (2.391) 0.964 1.400 1.120
TABLE IV. Values of 0 and k0 are listed in order of thicknesses: 1L, 2L,
3L, and 4L. The default level of theory is PBE with spin-orbit coupling, and
the default stacking is AA0. Only deviations from the defaults are noted.
Material 0 (meV) k0 (nm
1)
(Theory/stacking order) 1L, 2L, 3L, 4L 1L, 2L, 3L, 4L
GaS 111.2, 59.6, 43.8, 33.0 3.68, 2.73, 2.52, 2.32
GaS (no-SOC) 108.3, 60.9, 45.1, 34.1 3.16, 2.63, 2.32, 2.12
GaS (HSE) 97.9, 50.3, 40.9, 31.6 2.81, 2.39, 2.08, 1.75
GaS (AA) 111.2, 71.5, 57.1, 47.4 3.68, 2.93, 2.73, 2.49
GaSe 58.7, 29.3, 18.1, 10.3 2.64, 2.34, 1.66, 1.56
GaSe () 58.7, 41.2, 23.7, 5.1 2.64, 1.76, 1.17, 1.01
InS 100.6, 44.7, 25.8, 20.4 4.03, 3.07, 2.69, 2.39
InSe 34.9, 11.9, 5.1, 6.1 2.55, 1.73, 1.27, 1.36
InSe (HSE) 38.2, 15.2, 8.6, 9.2 2.72, 2.20, 1.97, 2.04
Bi2Se3 314.7, 62.3, 12.4, 10.4 3.86, 1.23, 1.05, 0.88
Bi2Se3 (no-SOC) 350.5, 74.6, 22.8, 20.1 4.19, 1.47, 1.07, 1.02
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order of GaS and AA0 versus  stacking order of GaSe88,89
are also compared.
Table IV shows that the valence band Mexican hat fea-
ture is robust. It is little affected by the choice of functional,
the omission or inclusion of spin-orbit coupling, or the stack-
ing order. A recent study of GaSe at the G0W0 level found
that the Mexican hat feature is also robust against many-
electron self-energy effects.13 For all materials, the values of
0 and k0 are largest for monolayers and decrease as the film
thicknesses increase. This suggests that the height of the step
function density of modes will also be maximum for the
monolayer structures.
Figure 4 illustrates the valence band density of modes
for 1L, 2L, 3L, and 4L for GaS, GaSe, InS, and InSe. The va-
lence band density of modes is a step function for the
few-layer structures. The height of the step function for
monolayer GaS, GaSe, InS, and InSe is 4.8 nm1, 5.2 nm1,
5.1 nm1, and 3.4 nm1, respectively. The height of the den-
sity of modes in GaS decreases by 30% when the film
thickness increases from one to four monolayers. For all four
materials GaS, GaSe, InS, and InSe, decreasing the film
thickness increases k0 and the height of the step-function of
the band-edge density of modes.
The p-type Seebeck coefficients, the p- and n-type
power factors, and the thermoelectric figures-of-merit (ZT)
as functions of carrier concentration at room temperature for
GaS, GaSe, InS, and InSe are shown in Figure 5. The ther-
moelectric parameters at T¼ 300 K of bulk and one to four
monolayers of GaS, GaSe, InS, and InSe are summarized in
Tables V–VIII. For each material, the peak p-type ZT occurs
FIG. 4. Distribution of valence band
modes per unit width versus energy for
(a) GaS, (b) GaSe, (c) InS, and (d)
InSe for 1L (blue), 2L (red), 3L
(green), and 4L (purple) structures.
The midgap energy is set to E¼ 0.
FIG. 5. Seebeck coefficient, power factor and thermoelectric figure-of-merit, ZT, of p-type (solid line) and n-type (broken line) 1L (blue), 2L (red), 3L (green),
4L (purple), and bulk (black) for (a)–(c) GaS, (d)–(f) GaSe, (g)–(i) InS, and (j)–(l) InSe at room temperature.
075101-8 Wickramaratne, Zahid, and Lake J. Appl. Phys. 118, 075101 (2015)
 [This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to ] IP:
147.8.204.164 On: Tue, 20 Oct 2015 07:22:01
at a monolayer thickness. The largest room temperature
p-type ZT occurs in monolayer InS. At room temperature,
the peak p-type (n-type) ZT values in 1L, 2L, 3L, and 4L
GaS occur when the Fermi level is 42 meV, 38 meV,
34 meV, and 30 meV (22 meV, 17 meV, 11 meV, and 7 meV)
above (below) the valence (conduction) band edge, and the
Fermi level positions in GaSe, InS, and InSe change in
qualitatively the same way. The p-type hole concentrations
of monolayer GaS, GaSe, InS, and InSe at the peak ZT are
enhanced by factors of 9.7, 10.8, 7.2, and 5.5 compared to
those of their respective bulk structures. At the peak p-type
room-temperature ZT, the Seebeck coefficients of monolayer
GaS, GaSe, InS, and InSe are enhanced by factors of 1.3,
1.4, 1.3, and 1.3, respectively, compared to their bulk values.
TABLE V. GaS thermoelectric properties for bulk and one to four monolayers at T¼ 300 K. Hole and electron carrier concentrations (p and n), Seebeck coeffi-
cients (Sp and Se), and electrical conductivities (rp and rn) at the peak p- and n-type ZT. The maximum and minimum ZT are listed for two different approxi-
mations of jl, the minimum ZT is listed in parentheses. The thermoelectric parameters are computed using an electron and hole mean free path, k¼ 25 nm and
a lattice thermal conductivity, jl, of 10 W m
1 K1 for the maximum ZT and 20 W m1 K1 for the minimum ZT.
Thickness p Sp rp ZTp n jSej re ZTe
(1019 cm3) (lV K1) (106XmÞ1 (1019 cm3) (lV K1) (106XmÞ1
1L 3.19 251.6 1.41 2.01 (1.42) 1.02 237.0 0.348 0.431 (0.620)
2L 1.51 222.9 0.776 1.02 (0.641) 0.621 219.6 0.229 0.218 (0.362)
3L 1.13 213.2 0.530 0.630 (0.412) 0.595 200.9 0.206 0.147 (0.273)
4L 0.922 211.2 0.390 0.421 (0.290) 0.545 191.9 0.195 0.111 (0.231)
Bulk 0.330 187.6 0.149 0.140 0.374 210.8 0.116 0.095
TABLE VI. GaSe thermoelectric properties for bulk and one to four monolayers at 300 K. Hole and electron carrier concentrations (p and n), Seebeck coeffi-
cients (Sp and Se), and electrical conductivities (rp and rn) at the peak p- and n-type ZT. The maximum and minimum ZT are listed for two different approxi-
mations of jl, the minimum ZT is listed in parentheses. The thermoelectric parameters are computed using an electron and hole mean free path, k¼ 25 nm and
a lattice thermal conductivity, jl, of 10 W m
1 K1 for the maximum ZT and 20 W m1 K1 for the minimum ZT.
Thickness p Sp rp ZTp n jSej re ZTe
(1018 cm3) (lV K1) (XmÞ1 (1018 cm3) (lV K1) (106XmÞ1
1L 5.81 256.1 1.28 1.86 (1.07) 2.71 202.9 0.310 0.321 (0.172)
2L 2.70 225.3 0.711 0.870 (0.471) 1.20 201.4 0.152 0.162 (0.081)
3L 2.09 221.2 0.450 0.561 (0.293) 0.79 194.0 0.103 0.110 (0.054)
4L 1.49 210.2 0.352 0.391 (0.211) 0.69 186.4 0.085 0.082 (0.041)
Bulk 0.541 180.9 0.121 0.112 0.29 127.9 0.033 0.132
TABLE VII. InS thermoelectric properties for bulk and one to four monolayers at T¼ 300 K. Hole and electron carrier concentrations (p and n), Seebeck coef-
ficients (Sp and Se), and electrical conductivities (rp and rn) at the peak p- and n-type ZT. The maximum and minimum ZT are listed for two different approxi-
mations of jl, the minimum ZT is listed in parentheses. The thermoelectric parameters are computed using an electron and hole mean free path, k¼ 25 nm and
a lattice thermal conductivity, jl, of 7.1 W m
1 K1 for the maximum ZT and 14.2 W m1 K1 for the minimum ZT.
Thickness p Sp rp ZTp n jSej re ZTe
(1018 cm3) (lV K1) (106XmÞ1 (1018 cm3) (lV K1) (106XmÞ1
1L 9.30 244.2 1.26 2.43 (1.38) 3.75 210.8 0.210 0.350 (0.191)
2L 4.20 228.7 0.610 1.12 (0.612) 1.63 200.0 0.113 0.181 (0.093)
3L 2.32 229.5 0.361 0.701 (0.383) 1.25 196.9 0.078 0.120 (0.062)
4L 1.91 222.0 0.292 0.532 (0.281) 1.02 198.1 0.059 0.094 (0.048)
Bulk 1.30 195.1 0.180 0.280 1.21 179.8 0.070 0.092
TABLE VIII. InSe thermoelectric properties for bulk and one to four monolayers at T¼ 300 K. Hole and electron carrier concentrations (p and n), Seebeck
coefficients (Sp and Se), and electrical conductivities (rp and rn) at the peak p- and n-type ZT. The maximum and minimum ZT are listed for two different
approximations of jl, the minimum ZT is listed in parentheses. The thermoelectric parameters are computed using an electron and hole mean free path,
k¼ 25 nm and a lattice thermal conductivity, jl, of 12 W m1 K1 for the maximum ZT and 24 W m1 K1 for the minimum ZT.
Thickness p Sp rp ZTp n jSej re ZTe
(1018 cm3) (lV K1) (106XmÞ1 (1018 cm3) (lV K1) (106XmÞ1
1L 9.71 229.8 0.981 1.08 (0.592) 2.34 200.5 0.192 0.180 (0.092)
2L 4.04 219.8 0.430 0.471 (0.251) 1.22 194.7 0.111 0.090 (0.046)
3L 4.18 204.2 0.471 0.292 (0.150) 0.781 189.1 0.067 0.059 (0.029)
4L 2.45 201.0 0.261 0.252 (0.131) 0.610 186.8 0.053 0.045 (0.023)
Bulk 1.75 179.1 0.181 0.142 0.652 160.9 0.054 0.034
075101-9 Wickramaratne, Zahid, and Lake J. Appl. Phys. 118, 075101 (2015)
 [This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to ] IP:
147.8.204.164 On: Tue, 20 Oct 2015 07:22:01
However, the monolayer and bulk peak ZT values occur at
carrier concentrations that differ by an order of magnitude.
The p-type power factor (PF) at the peak ZT for 1L GaS is
enhanced by a factor of 17 compared to that of bulk GaS.
Assuming the same jl for the bulk and few-layer structures,
the p-type ZT values of monolayer GaS, GaSe, InS, and InSe
are enhanced by factors of 14, 17, 9, and 8, respectively,
compared to their bulk values. At the peak p-type ZT, the
contribution of je to jtot is minimum for the bulk structure
and maximum for the monolayer structure. The contributions
of je to jtot in bulk and monolayer GaS are 5% and 24%,
respectively. The increasing contribution of je to jtot with
decreasing film thickness reduces the enhancement of ZT
relative to that of the power factor.
While the focus of the paper is on the effect of the
Mexican hat dispersion that forms in the valence band of
these materials, the n-type thermoelectric figure of merit also
increases as the film thickness is reduced to a few layers, and
it is also maximum at monolayer thickness. The room tem-
perature, monolayer, n-type thermoelectric figures of merit
of GaS, GaSe, InS, and InSe are enhanced by factors of 4.5,
2.4, 3.8, and 5.3, respectively, compared to the those of the
respective bulk structures. The largest n-type ZT occurs in
monolayer GaS. In a GaS monolayer, the 3-fold degenerate
M valleys form the conduction band edge. This large valley
degeneracy gives GaS the largest n-type ZT among the 4 III-
VI compounds. As the GaS film thickness increases from a
monolayer to a bilayer, the conduction band edge moves to
the non-degenerate C valley so that the number of low-
energy states near the conduction band edge decreases. With
an added third and fourth layer, the M valleys move higher,
and the C valley continues to split so that the number of low-
energy conduction states does not increase with film thick-
ness. Thus, for a Fermi energy fixed slightly below the band
edge, the electron density and the conductivity decrease as
the number of layers increase as shown in Tables V–VIII. As
a result, the maximum n-type ZT for each material occurs at
a single monolayer and decreases with each additional layer.
B. Bi2Se3
Bi2Se3 is an iso-structural compound of the well known
thermoelectric, Bi2Te3. Both materials have been intensely
studied recently because they are also topological insula-
tors.90–92 Bulk Bi2Se3 has been studied less for its
thermoelectric properties due to its slightly higher thermal
conductivity compared to Bi2Te3. The bulk thermal conduc-
tivity of Bi2Se3 is 2 W-(m K)
1 compared to a bulk thermal
conductivity of 1.5 W-(m K)1 reported for Bi2Te3.
80,93
However, the thermoelectric performance of bulk Bi2Te3 is
limited to a narrow temperature window around room tem-
perature because of its small bulk band gap of approximately
160 meV.90 The band gap of single quintuple layer (QL)
Bi2Te3 was previously calculated to be 190 meV.
21 In con-
trast, the bulk bandgap of Bi2Se3 is 300 meV (Ref. 94)
which allows it to be utilized at higher temperatures.
The optimized lattice parameters for bulk Bi2Se3 are
listed in Table I. The optimized bulk crystal structure and
bulk band gap are consistent with prior experimental and the-
oretical studies of bulk Bi2Se3.
22,68 Using the optimized lat-
tice parameters of the bulk structure, the electronic structures
of one to four quintuple layers of Bi2Se3 are calculated with
the inclusion of spin-orbit coupling. The electronic structures
of 1 to 4 QLs of Bi2Se3 are shown in Figure 6. The band
gaps for one to four quintuple layers of Bi2Se3 are 510 meV,
388 meV, 323 meV, and 274 meV for the 1QL, 2QL, 3QL,
and 4QL films, respectively. The gapping of the surface
states in few-layer Bi2Se3 is consistent with experimental
data95 and other ab-initio calculations.22,96
The effective masses of the conduction and valence
band at C for 1QL to 4QL of Bi2Se3 are listed in Table IX.
For each of the thin film structures, the conduction bands are
parabolic and located at C. The conduction band at C of the
1QL structure is composed of 13% Se s, 24% Se pxy, 16% Bi
pxy, and 39% Bi pz. The orbital composition of the C valley
remains qualitatively the same as the film thickness increases
to 4QL. The orbital composition of the bulk conduction band
is 79% Se pz and 16% Bi s. As the film thickness increases
above 1QL, the conduction band at C splits, as illustrated in
Figs. 6(b)–6(d). In the 2QL, 3QL, and 4QL structures, the
FIG. 6. Ab-initio band structure includ-
ing spin-orbit interaction of Bi2Se3: (a)
1 QL, (b) 2 QL, (c) 3 QL, and (d) 4
QL.
TABLE IX. Ab-initio calculations of the hole and electron effective masses
at the C-valley valence and conduction band edges of Bi2Se2.
Structure Cv (m0) Cc (m0)
1L 0.128 0.132
2L 0.436 0.115
3L 1.435 0.176
4L 1.853 0.126
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conduction band splitting varies between 53.9 meV and
88.2 meV. As with the III–VIs, the number of low-energy
conduction band states per unit thickness decreases with
increasing thickness.
The valence bands have slightly anistropic Mexican hat
dispersions. The values of 0 and k0 used to characterize the
Mexican hat for the 1QL to 4QL structures of Bi2Se3 are
listed in Table IV. The radius k0 is the distance from Cv to
the band extremum along Cv  Mv, which is the valence
band maxima for the 1QL to 4QL structures. The energy dif-
ference between the valence band maxima and the band
extremum along Cv  Kv decreases from 19.2 meV to
0.56 meV as the film thickness increases from 1QL to 4QL.
The Mexican hat dispersion in 1QL of Bi2Se3 is better
described as a double brimmed hat consisting of two concen-
tric rings in k-space characterized by four points of extrema
that are nearly degenerate. The band extremum along Cv
Mv adjacent to the valence band maxima is 36 meV below
the valence band maxima. Along Cv  Kv, the energy differ-
ence between the two band extrema is 4.2 meV. At Cv, the
orbital composition of the valence band for 1QL of Bi2Se3 is
63% pz orbitals of Se, 11% pxy orbitals of Se, and 18% s orbi-
tals of Bi, and the orbital composition remains qualitatively
the same as the film thickness increases to 4QL. As the thick-
ness increases above a monolayer, the energy splitting of the
valence bands from each layer is large with respect to room
temperature kBT and more complex than the splitting seen in
the III–VIs. At a bilayer, the highest valence band loses most
of the outer k-space ring, the radius k0 decreases by a factor
3.1, and the height (0) of the hat decreases by a factor of
5.1. This decrease translates into a decrease in the initial step
height of the density of modes shown in Figure 7(a). The
second highest valence band retains most of the shape of the
original monolayer valence band, but it is now too far from
the valence band edge to contribute to the low-energy elec-
tronic or thermoelectric properties. Thus, Bi2Se3 follows the
same trends as seen in Bi2Te3; the large enhancement in the
thermoelectric properties resulting from bandstructure is
only significant for a monolayer.50 Assuming the same jl for
the bulk and single quintuple layer structure, the p-type ZT
for the single quintuple layer is enhanced by a factor of 4.3
compared to that of the bulk film. At the peak ZT, the hole
concentration is 4 times larger than that of the bulk, and the
position of the Fermi energy with respect to the valence band
edge (EF  EV) is 45 meV higher than that of the bulk.
The peak room temperature n-type ZT also occurs for
1QL of Bi2Se3. In one to four quintuple layers of Bi2Se3, two
degenerate bands at C contribute to the conduction band den-
sity of modes. The higher C valleys contribute little to the
conductivity as the film thickness increases. The Fermi levels
at the peak n-type, room-temperature ZT rise from 34 meV
to 12 meV below the conduction band edge as the film thick-
ness increases from 1 QL to 4 QL, while the electron density
decreases by a factor of 1.8. This results in a maximum
n-type ZT for the 1QL structure.
The p- and n-type Seebeck coefficient, electrical con-
ductivity, power factor, and the thermoelectric figure-of-
merit (ZT) as a function of carrier concentration at room
temperature for Bi2Se3 are illustrated in Figure 7. The ther-
moelectric parameters at T¼ 300 K of bulk and one to four
quintuple layers for Bi2Se3 are summarized in Table X.
There have been several prior studies of the thermoelec-
tric properties of single and few quintuple layer Bi2Se3, and
it is useful to make comparisons to understand the differen-
ces and similarities. Saeed et al.22 calculated a p-type ZT
value of 0.27 and a p-type peak power factor of 0.432 mW
m1 K2 for 1QL of Bi2Se3 using ab initio band structure, a
hole relaxation time of 2.7 fs, and a thermal conductivity of
0.49 W/mK.
The disparity between their values and ours result from
the different approximations made for the relaxation time
(2.7 fs) and lattice thermal conductivity (0.49 W/mK). To
reproduce their results, we convert the relaxation time of 2.7
fs into a mean free path of 0.27 nm, using an average thermal
velocity of 105 m/s determined from the 1QL valence band-
structure. This hole mean free path is approximately 2/3 of
the in-plane lattice constant which pushes the limits of valid-
ity of the semiclassical Boltzmann transport approach. Using
FIG. 7. (a) Distribution of modes per
unit width versus energy for Bi2Se3.
The midgap energy is set to E¼ 0.
Thermoelectric properties of p-type
(solid line) and n-type (broken line)
Bi2Se3: (b) Seebeck coefficient, (c)
power factor, and (d) thermoelectric
figure-of-merit, ZT, at room tempera-
ture for 1L (blue), 2L (red), 3L (green),
4L (purple), and bulk (black).
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the hole mean free path of 0.27 nm and the lattice thermal
conductivity of 0.49 W/m K, our calculation gives a peak
p-type ZT of 0.28 and peak p-type power factor of
0.302 mW m1 K2, which agrees well with the results in
Ref. 22.
C. Bilayer graphene
AB stacked bilayer graphene(BLG) is a gapless semi-
conductor with parabolic conduction and valence bands that
are located at the K (K0) symmetry points. Prior experimen-
tal6,97 and theoretical23 studies demonstrated the formation
of a bandgap in BLG with the application of a vertical elec-
tric field. The vertical electric field also deforms the conduc-
tion and valence band edges at K into a Mexican-hat
dispersion.2,6 Using ab-initio calculations, we compute the
band structure of bilayer graphene subject to vertical electric
fields ranging from 0.1 V/nm to 1 V/nm. The lattice parame-
ters for the bilayer graphene structure used in our simulation
are given in Table I. The ab-initio calculated band gaps are
in good agreement with prior calculations.23,98 The bandgap
increases from 31.4 meV to 223.1 meV as the applied field
increases from 0.1 V/nm to 1 V/nm.
For each applied field ranging from 0.1 V/nm to 1 V/nm,
both the valence band and the conduction band edges lie
along the path C K, and the radius k0 is the distance from
K to the band edge along C K. The magnitude of k0
increases approximately linearly with the electric field as
shown in Figure 8(a). The dispersions of the valence band
and the conduction band quantitatively differ, and k0 of the
valence band is up to 10% larger than k0 of the conduction
band. The anisotropy of the conduction and valence Mexican
hat dispersions increases with increasing vertical field. The
extremum point along K–M of the valence (conduction) band
Mexican hat dispersion is lower (higher) in energy compared
to the band extremum along C K. As the field increases
from 0.1 V/nm to 1.0 V/nm, the energy difference between
the two extrema points increases from 1.2 meV to 21.6 meV
in the valence band and 3.7 meV to 30.1 meV in the conduc-
tion band. This anisotropy in the Mexican hat of the valence
and conduction band leads to a finite slope in the density of
modes illustrated in Figure 8(b).
As the applied field is increased from 0.1 V/nm to
1.0 V/nm, the height of the density of modes step function in
the valence and conduction band increases by a factor of 2.6
as illustrated in Fig. 8(b). Even though the bandgap increases
with bias, at a fixed Fermi level, the charge density also
increases with bias. For Fermi energies within the bandgap,
the energy per carrier, with respect to the Fermi energy, also
increases resulting in an increase in the Seebeck coefficient
shown in Fig. 8(c). The increase in the Seebeck coefficient
and the charge density leads to the increase in ZT shown in
Fig. 8(d). For an applied electric field of 1 V/nm, the p- and
n-type ZT are enhanced by a factor of 2.8 and 2.6 in bilayer
graphene compared to the ZT of bilayer graphene with no
applied electric field. The p-type thermoelectric parameters
FIG. 8. (a) Evolution of the radius k0
of the Mexican hat in bilayer graphene
as a function of an applied vertical
electric field. (b) Density of modes per
unit width for two different vertical
fields of 0.1 V/nm (blue) and 1 V/nm
(red). (c) Seebeck coefficients (solid
lines) and carrier concentrations (bro-
ken lines) for two different vertical
fields. (d) ZT of bilayer graphene as a
function of the Fermi level for two dif-
ferent vertical fields.
TABLE X. Bi2Se3 thermoelectric properties for bulk and one to four quintuple layers at T¼ 300 K. Hole and electron carrier concentrations (p and n), Seebeck
coefficients (Sp and Se), and electrical conductivities (rp and rn) at the peak p- and n-type ZT. The maximum and minimum ZT are listed for two different
approximations of jl, the minimum ZT is listed in parentheses. The thermoelectric parameters are computed using an electron mean free path, ke of 5.1 nm and
hole mean free path, kp¼ 2.1 nm and a lattice thermal conductivity, jl, of 2 W m1 K1 for the maximum ZT and 4 W m1 K1 for the minimum ZT.
Thickness p Sp rp ZTp n jSej re ZTe
(1018 cm3) (lV K1) (106XmÞ1 (1018 cm3) (lV K1) (106XmÞ1
1L 7.66 279.3 0.321 2.62 (1.76) 4.63 210.1 0.112 0.463 (0.249)
2L 4.65 251.3 0.245 1.07 (0.691) 3.38 208.2 0.081 0.280 (0.182)
3L 2.77 259.4 0.152 0.791 (0.622) 2.96 198.3 0.071 0.218 (0.120)
4L 2.58 237.8 0.141 0.624 (0.561) 2.56 185.8 0.062 0.176 (0.081)
Bulk 1.95 210.7 0.085 0.610 1.23 191.9 0.033 0.129
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of bilayer graphene subject to vertical electric fields ranging
from 0.0 V/nm to 1.0 V/nm are summarized in Table XI. The
p- and n-type thermoelectric parameters are similar.
D. Bi monolayer
The large spin-orbit interaction in bismuth leads to a
Rasha-split dispersion of the valence band in a single mono-
layer of bismuth. The lattice parameters for the Bi(111)
monolayer used for the SOC ab-initio calculations are sum-
marized in Table I. The bandgap of the bismuth monolayer
is 503 meV with the conduction band at Cc. The inclusion of
spin-orbit interaction splits the two degenerate bands at Cv
by 79 meV and deforms the valence band maxima into a
Rashba split band. The calculated band structure of the
Bi(111) monolayer is shown in Figures 9(a) and 9(b). The
Rashba parameter for the bismuth monolayer is extracted
from the ab-initio calculated band structure. The curvature
of the valence band maxima of the Rashba band gives an
effective mass of m ¼ 0:135. The effective mass of the con-
duction band at Cc is m ¼ 0:008. The vertical splitting of
the bands at small k gives an aR ¼ 2:14 eV A˚. Prior experi-
mental and theoretical studies on the strength of the Rashba
interaction in Bi(111) surfaces find aR values ranging from
0.55 eV A˚1 to 3.05 eV A˚1.57 A slight asymmetry in the
Rashba-split dispersion leads to the valence band maxima
lying along Cv  Mv. The band extremum along Cv  Kv is
0.5 meV below the valence band maxima. The radius of the
valence band-edge k0, which is the distance from Cv to the
band extremum along Cv  Mv is 1.40 nm1 similar to 4L
InSe. The valence band-edge density of modes shown in Fig.
9(c) is a step function with a peak height of 0.96 nm1.
Figure 9(d) shows the resulting thermoelectric figure of merit
ZT as a function of Fermi level position at room temperature.
The thermoelectric parameters at T¼ 300 K are summarized
in Table XII.
There is one prior study of the thermoelectric perform-
ance of monolayer Bi.79 In this study, Cheng et al. calculate
a p-type (n-type) ZT of 2.4 (2.1), a peak p-type (n-type)
Seebeck coefficient of 800 lV/K (780 lV/K) using a lat-
tice thermal conductivity of 3.9 W m1 K1, and a relaxa-
tion time of 0.148 ps. We convert the relaxation time of
0.148 ps into an electron mean free path of 59.2 nm and a
hole mean free path of 14.8 nm using average electron and
hole thermal velocities of 4 105 m/s and 1 105, respec-
tively, determined from the Bi(111) monolayer bandstruc-
ture. With these values for k and a lattice thermal
conductivity of 3.9 W m1 K1, our calculation gives a
peak p-type (n-type) ZT and Seebeck values of 1.9 (1.8)
and 786 lV/K (710 lV/K), respectively, which agrees
well with the results in Ref. 79.
TABLE XI. Bilayer graphene p-type thermoelectric properties as a function
of vertical electric field at T¼ 300 K. Hole carrier concentrations, p-type
Seebeck coefficient, and electrical conductivity at the peak p-type ZT. The
thermoelectric parameters are computed using an electron and hole mean
free path, k¼ 88 nm and a lattice thermal conductivity, jl, of 2000 W m1
K1
Field p Sp rp ZTp
(V/nm) (1012 cm2) ðlV K1Þ (107XmÞ1)
0.0 0.06 73.4 0.53 0.0108
0.2 0.07 148.6 0.69 0.0161
0.4 0.08 152.6 0.73 0.0221
0.6 0.12 159.4 0.83 0.0271
0.8 0.14 179.1 0.94 0.0275
1.0 0.16 192.1 1.1 0.0281
FIG. 9. Electronic structure and ther-
moelectric properties of Bi(111) mono-
layer. (a) Valence band, (b) conduction
band of Bi(111) monolayer with spin-
orbit interaction. (c) Density of modes
with SOC interactions included. (d)
Thermoelectric figure of merit, ZT, at
room temperature.
TABLE XII. Bi(111) thermoelectric properties at T¼ 300 K. Hole and electron carrier concentrations (p and n), Seebeck coefficients (Sp and Se), and electrical
conductivities (rp and rn) at the peak p- and n-type ZT. The thermoelectric parameters are computed using an electron and hole mean free path, k¼ 4.7 nm
and a lattice thermal conductivity, jl, of 3.9 W m
1 K1
p (1019 cm3) Sp (lV K1) rp (106XmÞ1 ZTp n (1019 cm3) jSej (lV K1) re (106XmÞ1 ZTe
0.61 239.7 0.19 0.73 0.35 234.1 0.089 0.41
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IV. SUMMARYAND CONCLUSIONS
Monolayer and few-layer structures of III–VI materials
(GaS, GaSe, InS, and InSe), Bi2Se3, monolayer Bi, and bi-
ased bilayer graphene all have a valence band that forms a
ring in k-space. For monolayer Bi, the ring results from
Rashba splitting of the spins. All of the other few-layer mate-
rials have valence bands in the shape of a “Mexican hat.”
For both cases, a band-edge that forms a ring in k-space is
highly degenerate. It coincides with a singularity in the den-
sity of states and a near step-function turn-on of the density
of modes at the band edge. The height of the step function is
approximately proportional to the radius of the k-space ring.
As the radius of the k-space ring increases, the Fermi
level at the maximum power factor or ZT moves higher into
the bandgap away from the valence band edge. Nevertheless,
the hole concentration increases. The average energy carried
by a hole with respect to the Fermi energy increases. As a
result, the Seebeck coefficient increases. The dispersion with
the largest radius coincides with the maximum power factor
provided that the mean free paths are not too different. For
the materials and parameters considered here, the dispersion
with the largest radius also results in the largest ZT at room
temperature.
The Mexican hat dispersion in the valence band of the
III–VI materials exists for few-layer geometries, and it is
most prominent for monolayers, which have the largest ra-
dius k0 and the largest height 0. The existence of the
Mexican hat dispersions and their qualitative features do not
depend on the choice of functional, stacking, or the inclusion
or omission of spin-orbit coupling, and recent calculations
by others show that they are also unaffected by many-
electron self-energy effects.13 At a thickness of 8 layers, all
of the III–VI valence band dispersions are parabolic.
The Mexican hat dispersion in the valence band of mono-
layer Bi2Se3 is qualitatively different from those in the mono-
layer III–VIs. It can be better described as a double-brimmed
hat characterized by 4 points of extrema that lie within kBT
of each other at room temperature. Furthermore, when two
layers are brought together to form a bilayer, the energy split-
ting of the two valence bands in each layer causes the highest
band to lose most of its outer ring causing a large decrease in
the density of modes and reduction in the thermoelectric prop-
erties. These trends also apply to Bi2Te3.
50
With the exception of monolayer GaS, the conduction
bands of few-layer n-type III–VI and Bi2Se3 compounds are
at C with a significant pz orbital component. In bilayers and
multilayers, these bands couple and split pushing the added
bands to higher energy above the thermal transport window.
Thus, the number of low-energy states per layer is maximum
for a monolayer. In monolayer GaS, the conduction band is
at M with 3-fold valley degeneracy. At thicknesses greater
than a monolayer, the GaS conduction band is at C, the val-
ley degeneracy is one, and the same splitting of the bands
occurs as described above. Thus, the number of low-energy
states per layer is also maximum for monolayer GaS. This
results in maximum values for the n-type Seebeck coeffi-
cients, power factors, and ZTs at monolayer thicknesses for
all of these materials.
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